In this paper we consider the existence and regularity problem for Coulomb frames in the normal bundle of two-dimensional surfaces with higher codimension in Euclidean spaces. While the case of two codimensions can be approached directly by potential theory, more sophisticated methods have to be applied for codimensions greater than two. As an application we include an a priori estimate for the corresponding torsion coefficients in arbitrary codimensions. x 1 (u, v), . . . , x n+2 (u, v) , w = (u, v) ∈ B, AMS 2000 subject classification: 35J55, 49N60, 53A07 Key words and phrases: Two-dimensional immersions, higher codimension, normal bundle, elliptic systems 1 Any vector Z ∈ R n+2 represents a column vector, we write Z = (z 1 , . . . , z n+2 ) only for visual reasons. Row vectors are then denoted by Z t .
Introduction
This paper is devoted to the analysis of normal Coulomb frames for two-dimensional surfaces with higher codimensions n ≥ 2 in Euclidean spaces R n+2 . It is the third part of a sequence of papers on embedding problems for surfaces in Euclidean spaces.
In [9] we fully treated the case n = 2 of two codimensions. Then we investigated normal bundles of surfaces with arbitrary codimension n > 2 in [10] . In particular, we focused on torsions associated with normal frames, already introduced by Weyl in [19] , and we presented various ways to control analytically the torsion coefficients of so-called normal Coulomb frames which are crititcal for a functional of total torsion. But existence and regularity of such frames are left open in this second paper.
In the present paper we thus prove existence and classical regularity of normal Coulomb frames for surfaces in Euclidean spaces R n+2 with arbitrary codimensions n ≥ 2.
Basic definitions
Let us start with some basic definitions: For an integer n ≥ 1 we consider vector-valued mappings 1 defined on the closure of the open unit disc B := {w ∈ R 2 : |w| < 1}. Suppose X ∈ C k,α (B, R n+2 ) with an integer k ≥ 3 and with some α ∈ (0, 1). In combination with the geometric regularity condition rank DX(w) = 2 for all w ∈ B for the Jacobian DX ∈ R (n+2)×2 , the mapping X represents a regular surface or a twodimensional immersion of disc-type. The linearly independent tangential vectors X u = ∂ ∂u X and X v = ∂ ∂v X span the tangential space T X (w) at the particular point w = (u, v) ∈ B, i.e. T X (w) = span X u (w), X v (w) .
For the whole paper we assume X to be conformally parametrized, i.e. the conformality relations g 11 = g 22 > 0, g 12 = 0 on B are satisfied for the coefficients g i j = X u i , X u j of the first fundamental form of X, see e.g. [12] or [17] and the references therein.
Next, we define the normal (co-)space ( ·, · denotes the inner product between two vectors) N X (w) := T X (w) ⊥ = Z ∈ R n+2 : X u (w), Z = X v (w), Z = 0 for w ∈ B.
Then we have the decomposition of the ambient space R n+2 = T X (w) ⊕ N X (w) for each w ∈ B. We choose unit normal vectors N σ = N σ (w), σ = 1, . . . , n, satisfying N σ , N ϑ = δ σϑ , where δ σϑ = δ ϑ σ = δ σϑ denote the usual Kronecker symbols, spanning N X (w) and being oriented:
(1.1)
, being oriented in the sense of (1.1) and spanning the n-dimensional normal space N X (w) at each point w ∈ B, is called a normal frame.
Finally, we sometimes interpret a matrix A = (A ϑ σ ) σ,ϑ=1,...,n ∈ R n×n as a vector in R n 2 assigning the well-known scalar product and length
Normal Coulomb frames
For a given surface X ∈ C k,α (B, R n+2 ) there always exists a normal frame N ∈ C k−1,α (B), but its choice is not unique! Rather, we can transform a given normal frame N = (N 1 , . . . , N n ) by means of an orthogonal mapping (R ϑ σ ) σ,ϑ=1,...,n ∈ C 2 (B, SO(n)) into a new normal frame N = ( N 1 , . . . , N n ) as follows:
According to this freedom of choice there naturally arises the question: What is a "good" frame? Possibly there exists a parallel frame N for the given surface X. Parallelity in this context means that all derivatives of any unit normal vector N σ are tangential. It turns out that parallel frames are special normal Coulomb frames. To see this, let us specify the term normal Coulomb frame: First, let u 1 := u and u 2 := v just to make the Ricci calculus applicable. We introduce the connection coefficients of the normal bundle, also called torsion coefficients 2 (see e.g. [4, Section II.2] or [13, pp. 61-63]),
Then a normal frame N is parallel if and only if it is free of torsion, i.e. if all torsion coefficients T ϑ σ,i vanish identically. Next, let us write g i j for the coefficients of the inverse (g i j ) −1 i, j=1,2 of the metric tensor and W := g 11 g 22 − g 2 12 for the area element of the surface.
Definition 1.2 A normal Coulomb frame is a normal frame which is critical for the functional of total torsion
Here a normal frame N is called critical for T X if the first variation lim ε→0
with small ε 0 > 0 and a one-parameter family (R ϑ σ (w, ε)) σ, ϑ=1,...,n ∈
The functional of total torsion does not depend on the special parameters u i . But taking the conformal parametrization and the skew symmetry of the torsion coefficients in σ ↔ ϑ into account, it takes the particularly simple form
There always holds T X (N) ≥ 0, and we have T X (N) = 0 if and only if N is parallel. Hence, parallel frames are special normal Coulomb frames. One of our results in [9, 10] is that any normal Coulomb frame is parallel if the normal bundle of the immersion is flat.
In other words, if all components S ϑ σ,i j of the following curvature tensor of the connection coefficients T ϑ σ,i vanish identically (see also [5] or [13] , and the references therein):
This special property of the T ϑ σ,i does not depend on the choice of the normal frame and the parameters u i of X. But in the general non-vanishing case, the S ϑ σ,i j depend on the chosen normal frame and the parametrization of X. We will address the issue of the link between S ϑ σ,i j and a geometric curvature quantity of the normal bundle in Subsection 4.1. The curvature tensor (1.4) is shortly named normal curvature tensor. It emerges from the so-called Ricci integrability conditions which demand the vanishing of the normal components of the identity N σ,u i u j − N σ,u j u i ≡ 0 right in a similar way as the Riemannian curvature tensor R i jk emerges from the integrability conditions w.r.t. X u i u j u k − X u i u k u j ≡ 0 for tangential vector fields X u i .
In the general case of nonvanishing normal curvature tensor, there cannot exist a parallel frame in the normal bundle. Then the torsion coefficients appear explicitely in many equations of the differential geometry. For instance, they can be found in the second variation formula of the area functional. Hence, one has to control the torsion coefficients if one wants to prove geometric estimates depending on stability questions. And since normal Coulomb frames are critical points of the L 2 -norm of the torsion coefficients by Definition 1.2, we are led to the study of normal Coulomb frames instead of parallel frames in the sequel.
We finally note that definition (1.4) yields that the normal curvature tensor is completely determined by the coefficients 3
(1.5)
Overview
In this paper we consider the following
α ∈ (0, 1) be given. Does there always exist a smooth normal Coulomb frame N, i.e. a normal frame which is critical for the functional of total torsion T X and belongs to class C k−1,α (B)?
In the subsequent sections we answer this question by YES; this is the content of Theorems 3.1 and 4.7 below. We can even choose N to be minimizing for T X .
Obviously, the case n = 1 is trivial. In case of codimension n = 2 we best let classical potential theory work to solve our problem (see Section 3 below). For n ≥ 3 we need a more subtle approach: In Subsection 4.2 we first construct a weak normal Coulomb frame N of class W 1,2 (B) ∩ L ∞ (B) by employing a variational argument which goes back to Frédéric Hélein [13] : To study harmonic mappings into Riemannian manifolds of arbitrary dimension and without special geometric symmetries, Hélein introduced tangential Coulomb frames (i.e. special sections of the orthogonal tangential frame bundle) as critical points of an energy functional similar to our functional of total torsion.
In a second step we prove that the constructed weak normal Coulomb frame is in fact smooth (Subsection 4.3). This investigation is quite different from Hélein's analysis, who was interested in the regularity of the harmonic map itself rather than the Coulomb frame. The plan of our proof is as follows: As in [10] (and as also done by Hélein), we interpret the Euler-Lagrange equations for our Coulomb frame as integrability conditions. Then the special structure of the torsion coefficients yields a Poisson system for an integral function emerging from Poincare's lemma with right-hand side of div-curl type along with a homogeneous Dirichlet boundary condition. From Wente's inequality we then obtain N ∈ W 2,1 loc (B) for our weak normal Coulomb frame, see Lemma 4.6. On the other hand, (1.4) gives a nonlinear, inhomogeneous second-order system with div-curl structure for that integral function. Now it is important to observe that the zero-order term
and this is what we elaborate in Subsection 4.1. This enables us to apply another part of Wente's inequality to obtain global continuity for the integral function and, as a consequence, even C 1,α (B)-regularity. Now an interplay between the mentioned nonlinear second-order system and the Weingarten equations for our surface X yields the desired regularity result Theorem 4.7.
We close with a new a priori estimate of the torsion coefficients for a conformally parametrized immersion X : B → R n+2 in terms of the normal curvature tensor.
Euler-Lagrange equations for Coulomb frames
We briefly repeat the calculation for the Euler-Lagrange equations for T X -critical normal frames from [10] : Consider an arbitrary family of rotations
, where so(n) denotes the Lie algebra for SO(n), and δ ϑ σ are the Kronecker symbols. Thus it holds
We apply R to a given normal frame N and deduce
Consequently, the new torsion coefficients can be expanded to
Employing the skew-
Hence, summing up ( T ω σ,i ) 2 over σ, ω = 1, . . . , n and i = 1, 2 and integrating over B, we arrive at
with the outward unit normal ν on ∂B. ∞ (B) . The respective torsion coefficients T ϑ σ,i ∈ L 2 (B), σ, ϑ = 1, . . . , n, i = 1, 2, are then weak solutions of (2.1), that means, for any choice of σ, ϑ ∈ {1, . . . , n} we have
Surfaces in R 4
In contrast to the previous section we now want to transform a given normal frame N = ( N 1 , N 2 ) in R 4 into a "good" normal frame N = (N 1 , N 2 ). This can be done by means of a SO(2)-action:
with a rotation angle ϕ ∈ C 2 (B, R). Then the torsion coefficients of both frames are related by the linear system 4 
which has a solution on account of the integrability condition
Note that the right-hand sides in (3. 3
Thus, classical potential theory yields 1) . Then there exists a Coulomb frame N ∈ C k−1,α (B, R 4×2 ) satisfying the Euler-Lagrange system (2.1) and minimizing T X , i.e.
for all normal frames N.
The minimizing character of a normal Coulomb frame (for codimension n = 2) can be deduced easily from (3.2), see [9] for details.
Surfaces in R n+2

Geometry of the normal curvature tensor
Before we come to the promised existence and regularity results for normal Coulomb frames in higher codimensions it is necessary to clarify the nature of the curvature tensor of the normal connection T ϑ σ,i . For this purpose, we again fix a normal frame N ∈ C k−1,α (B, R (n+2)×n ) and consider the transformation
with some orthogonal mapping R = (R ϑ σ ) σ,ϑ=1,...,n ∈ C 2 (B, SO(n)).
Definition 4.1
We additionally set
For n = 2, the matrix S 12 can be easily seen to be invariant under rotations. This behaviour of S 12 changes for higher codimension: It turns out that only the length of S 12 remains invariant. Our next result contains this L ∞ -invariance of S 12 which is crucial for our main regularity result. 
for the corresponding curvatures. In particular, the length |S 12 | is invariant under rotations.
Proof: First we note
Thus, we arrive at the concise transformation rule
Using this formula we now evaluate
and next
Taking both identities together, we arrive at 
Now we verify the parameter invariance of S : Let u i ( u m ), i = 1, 2 and m = 1, 2, be a positively oriented parameter transformation. Note that by construction it does not affect the normal frame. We should compute the transformation taking the Ricci integrability conditions (see e.g. Chen [5] ) 
Thus, W −1 S ϑ σ,12 and S are invariant w.r.t. such parameter transformations.
The squared length |S| 2 of the normal curvature vector is usually called the normal curvature of the surface, see e.g. [6] . It seems promising to us to study surfaces with prescribed normal curvature vector S in analogy to surfaces with prescribed mean curvature vector.
Existence of weak normal Coulomb frames
In [13, Lemma 4.1.3] Hélein proved existence of weak Coulomb frames in the tangential bundle of a manifold. His method can be adapted to our situation. For reasons of completeness we carry out the arguments. Proof: We fix some normal frame N ∈ C k−1,α (B) and interpret T X as a functional F(R) of rotations R = (R ϑ σ ) σ,ϑ=1,...,n ∈ W 1,2 (B, SO(n)) by setting
Choose a minimizing sequence R = ( R ϑ σ ) σ,ϑ=1,...,n ∈ W 1,2 (B, SO(n) ) and define N σ := n ϑ=1 R ϑ σ N ϑ . As in (4.3) we find
and this implies
In particular, we conclude
Taking | R • T i | = | T i | into account, we arrive at the estimate
Now the T i are bounded in L 2 (B). And since R is minimizing for F, the sequences T i are also bounded in L 2 (B). Thus, R u i are bounded sequences in L 2 (B) in accordance with (4.5). By Hilbert's selection theorem and Rellich's embedding theorem we find a subsequence, again denoted by R, which converges as follows:
with some R ∈ W 1,2 (B, SO(n) ). In particular, we have R → R a.e. on B and
according to the dominated convergence theorem. Hence, we can compute in the limit
In addition, we obtain
due to the semicontinuity of the L 2 -norm w.r.t. weak convergence. Putting the last two relations into (4.4), we finally infer
where T i = (T ϑ σ,i ) σ,ϑ=1,...,n denote the torsion coefficients of the frame N with entries N σ := ϑ R ϑ σ N ϑ (note that the calculations leading to (4.4) yield an analogous relation for |T i | 2 ). Consequently, N ∈ W 1,2 (B) ∩ L ∞ (B) minimizes T X and, in particular, is a weak normal Coulomb frame; compare with Remark 2.2.
Regularity of weak normal Coulomb frames
In order to prove our main existence result, Theorem 4.7 below, it remains to show the smoothness of the weak normal Coulomb frame constructed in Proposition 4.5. We start with the following 
We now may write the weak form (2.2) of the Euler-Lagrange equations as
where ∂ϕ ∂t denotes the tangential derivative of ϕ along ∂B and, as usual, we have written τ ϑ σ for the L 2 -trace of τ ϑ σ on ∂B. Consequently, the lemma of DuBois-Reymond yields τ ϑ σ ≡ const on ∂B, and by translation we arrive at the boundary conditions τ ϑ σ = 0 on ∂B .
(4.7)
2. As can be seen by approximation, the system (4.6) and the definition of the torsion coefficients T ϑ σ,i imply that the τ ϑ σ are weak solutions of the second-order system
By a result of S. Müller [15] and Coifman, Lions, Meyer and Semmes [7] , the righthand side of div-curl type belongs to the Hardy space H 1 loc (B) and, hence, the τ ϑ σ belong to W 2,1 loc (B) by Fefferman and Stein [8] . Consequently, we find T ϑ σ,i ∈ W 1,1 loc (B)∩L 2 (B). Next, we employ the Weingarten equations (see e.g. Chen [5] ) 2 (B, SO(n) ) .
In particular, we can assign a curvature tensor S 12 = (S ϑ σ, 12 On account of S 12 = (S ϑ σ,12 ) σ,ϑ=1,...,n ∈ L ∞ (B), a part of Wente's inequality yields τ ∈ C 0 (B), see e.g. [3] ; compare also Rivière [16] and the corresponding boundary regularity theorem in Müller and Schikorra [14] for more general results. By appropriate reflection of τ and S 12 (the reflected quantities are again denoted by τ and S 12 ) we obtain a weak solution τ ∈ W 1,2 
with some d > 0 and a right-hand side f satisfying
with some reals a, b > 0. Now, applying Tomi's regularity result [18] for weak solutions of the system (4.10), (4.11) possessing small variation locally in B 1+d , we find τ ∈ C 1,ν (B) for any ν ∈ (0, 1) (note that Tomi's result applies for such systems with b = 0, but his proof can easily be adapted to our inhomogeneous case b > 0).
3. From (4.6) we infer T i ∈ C α (B). Thus, the Weingarten equations (4.8) yield N ∈ W 1,∞ (B) on account of N ∈ L ∞ (B), and we obtain N ∈ C α (B) by Sobolev's embedding theorem. Inserting this again into the Weingarten equations, we find N ∈ C 1,α (B). Hence, we can conclude R = ( N σ , N ϑ ) σ,ϑ=1,...,n ∈ C 1,α (B), and Theorem 4.2 implies S 12 = (S ϑ σ,12 ) σ,ϑ=1,...,n ∈ C α (B) (note S 12 ∈ C α (B) for k = 3; in case k ≥ 4 we even get S 12 ∈ C 1,α (B) ). Now the right-hand side of (4.9) belongs to C α (B), and potential theoretic estimates ensure τ ∈ C 2,α (B). Involving again (4.6) gives T i ∈ C 1,α (B), which proves N ∈ C 2,α (B) using the Weingarten equations once more. Finally, for k ≥ 4, we can bootstrap by concluding R ∈ C 2,α (B) and S 12 ∈ C 1,α (B) from Theorem 4.2 and repeating the arguments above.
An a priori estimate for the torsion coefficients
To illustrate the advantages of working with normal Coulomb frames we want to present the reader a new analytical estimate for the torsion coefficients of those frames.
Let X ∈ C k,α (B, R n+2 ) be a conformally parametrized immersion with k ≥ 3, α ∈ (0, 1). Then we can define the a priori constants Here the normal curvature tensor S 12 = (S ϑ σ,12 ) σ,ϑ=1,...,n can be computed from any normal frame N, according to Theorem 4.2. As an easy consequence of our prior work in [10] we now obtain the following Theorem 4.8 Consider some conformally parametrized immersion X ∈ C k,α (B, R n+2 ) with k ≥ 3, α ∈ (0, 1), and assume the smallness condition √ n − 2 16π 2(n − 2)T 0 + πS 0 < 1 (4.12)
to be satisfied. Then there exists a normal Coulomb frame N ∈ C k−1,α (B) such that the torsion coefficients T 1 , T 2 of N can be estimated by |T i (w)| ≤ c for all w ∈ B, i = 1, 2 (4.13)
with an a priori constant c = c(n, T 0 , S 0 ) < +∞.
Proof: In virtue of Theorem 4.7 there exists a normal Coulomb frame N ∈ C k−1,α (B) with T X (N) = T 0 . Hence, the theorem follows directly from Theorem 3 in [10] applied to N. Note the slight modification in the smallness condition (4.12) compared to [10] .
